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Abstract
A nonlinear differential equation about optimal shapes for blades
of a fan. A boundary value differential problem from engineering, ge-
ometrical or physical bonds. A relation between linear profiles and
constant speed along the side under flow.
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1 The differential equation
Consider the 2D axial projection of a centrifugal forward fan ([1]). Air is
sucked from a central zone and channeled between two blades. Then, cen-
trifugal force put it towards the external zone of the fan. From the point of
view of a single blade, air flow reaches its geometrical basis and go through
the blades channel. In this work the fundamental hypothesis is that the flow
field is tangent to the profile of a blade at its initial point.
It can be shown that this condition is suitable in the case of noise reduc-
tion. But what about the profile of the blade, in the case of geometrical or
engineering bonds?
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Figure 1: A forward fan’s impeller: the concave side of the blades receives
the fluid flow.
Let {X, Y } a cartesian system local to a blade, with Y -axis containing
the blade’s initial geometrical point (see Fig.2). Assume that the blade’s
profile is the graphic of a smooth function X = F (Y ). Also we assume that
the flow velocity field is tangent along the concave side, that is we neglect
physical effects as boundary layer or flow separation ([2]). Then, the acceler-
ation along the blade’s side is the sum of the tangential and the centripetal
accelerations, that is (see [3])
at = v˙ (sinα, cosα), ac =
v2
rc
(cosα, sinα) (1)
where v is the local speed in the {X, Y } system, v2 = X˙2+ Y˙ 2, and rc is the
radius of curvature:
rc =
(1 + F 2
Y
)
3
2
|FY Y |
(2)
Note that we consider α ≥ 0 if FY ≤ 0, negative otherwise. Then the X-
component of the total local acceleration is
2
Figure 2: The reference cartesian system local to the blade.
X¨ = v˙ sin α +
v2
rc
cos α (3)
Now we try to write previous equation using only Y and its derivatives. First
of all, as X(t) = F (Y (t)), by chain rule we have
X˙ = FY Y˙ (4)
X¨ = FY Y Y˙
2 + FY Y¨ (5)
so that
v2 = X˙2 + Y˙ 2 = (1 + F 2
Y
)Y˙ 2 (6)
and
2 v v˙ = 2FY FY Y Y˙
3 + 2(1 + F 2
Y
)Y˙ Y¨ (7)
Also, note that tg α = −FY , so using usual trigonometric formulas we can
write
sinα =
tgα√
1 + tg2α
= −
FY√
1 + F 2
Y
(8)
3
cosα =
1√
1 + tg2α
=
1√
1 + F 2
Y
With all these previous identities and the assumption FY Y > 0, after some
simplifications equation (3) becomes
FY (1 + F
2
Y
)Y¨ + F 2
Y
FY Y Y˙
2 = 0 (9)
In the points of the blade where FY = 0 this equation is banally satisfied, so
we can say that in the points where FY is not null the blade equation is
(1 + F 2
Y
)Y¨ + FY FY Y Y˙
2 = 0 (10)
Previous is a nonlinear differential equation that can be used in two manners:
if one assigns the blade profile, that is the function F (Y ), then by (10) it
can be computed the law motion Y = Y (t) along the blade side; if one wants
to assigne a particular motion Y (t), then it can compute the blade profiles
F (Y ) which satisfy that law.
2 A differential problem
Suppose that engineering project or physical bonds require a particular law
motion Y = Y (t) such that Y˙ = g(Y ). Then Y¨ = gY (Y )g(Y ). Note that,
for our geometrical assumptions, we have a boundary condition F (b) = 0,
where (0, b) are the cartesian coordinates of the blade’s initial point. Also,
from physical assumptions about the tangential flow at blade’s initial point,
we have a bondary condition on the derivative: FY (b) = m0, being m0 the
slope of the flow field at impeller inlet. Then the blade profile is determined
by the differential problem


gY (Y )g(Y )(1 + F
2
Y
) + g2(Y )FY FY Y = 0
F (b) = 0
FY (b) = m0
(11)
A first simple but useful consideration is the following. Suppose to have
blades with a null curvature, that is FY Y = 0 for every Y . Then, from (11)
follows
gY (Y )g(Y )(1 + F
2
Y
) = 0 (12)
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Therefore gY = 0 for every Y , that is Y (t) = at+ b being Y¨ = 0. Vice versa,
if Y (t) is linear on t variable, then gY = 0 for every Y , and the differential
equation becomes
g2(Y )FY FY Y = 0 (13)
which gives FY Y = 0. Note that, in this case, from (4) follows thatX(t) is lin-
ear too. Therefore, the only profiles with constant speed along the downwind
side are linear blades.
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